Vector Spaces
  
A. Given the set of vectors, defined by V = {(x, y) ϵ R2 | y = 2x + 1}.
1. Prove that V is not a vector space by using the definition of a vector space.   In particular, for each of the ten laws, either prove the law for space V or provide a counterexample that disproves the law for space V.
 
2. State all conditions of a nontrivial subspace.  
a.       In part A1 you proved that V = {(x, y) ϵ R2 | y = 2x + 1}, is not a vector space. In this part of the task, let L = {(x, y) ϵ R2 | y = mx + b, m is a non-zero real number and b is any real number} be a subset of vectors from R2.  Determine the conditions under which L is a nontrivial subspace of R^2. Prove your subspace is nontrivial.

Definitions for Task 4: Vector Spaces
A1
The Definition of a Vector Space
A vector space is a set V of elements (called vectors) and vector addition and scalar multiplication operations that satisfy the following 10 laws (for all vectors X, Y, and Z in V and all [real] scalars r and s): 
 
Laws for Vector Addition 
1.  Closure under addition 
If X and Y are any two vectors in V, then X + Y ∈ V. 
2.  Associativity of vector addition 
(X + Y) + Z = X + (Y + Z) 
3.  Commutative law 
X + Y = Y + X 
4.  Additive identity law 
There is a vector in V, denote 0 such that X + 0 = X where 0 is called the zero vector. 
5.  Additive inverse law 
For every X ∈ V there is a vector –X such that X + (–X) = 0, where –X is called the additive inverse of X.
 
Laws for Scalar Multiplication 
6.  Closure under scalar multiplication 
If X is any vector in V and r is any real scalar, then rX ∈ V. 
7.  Associativity of scalar multiplication 
(rs)X = r(sX) 
8.  Distributivity of vector sums 
r(X + Y) = rX + rY 
9.  Distributivity of scalar sums
(r + s)X = rX + sX 
10.  Scalar multiplication identity 
1X = X 
 
 Examples of what proofs should look like in A 1 above. 

Proof of Law 1: X + Y is in R2 for X and Y in R2
Let vectors X and Y in R2 be represented by X = (x1,x2) and Y = (y1,y2) where x1, x2, y1, and y2 are real numbers because all the coordinates have to be real for the vectors to be in R2.
X + Y = (x1,x2) + (y1,y2) by substituting the coordinate form of vectors
= (x1 + y1,x2 + y2) by the definition of vector addition
Since x1 and y1 are real numbers, their sum is a real number because of the closure of addition of real numbers, so the first coordinate of that vector is real. 
Since x2 and y2 are real numbers, their sum is a real number because of the closure of addition of real numbers, so the second coordinate of that vector is real. 
Thus, both coordinates are real numbers, so that vector, which is X + Y, is in R2. 
 
 
Proof of Law 2: (X + Y) + Z = X + (Y + Z) for X, Y, and Z in R2
Let vectors X, Y, and Z in R2 be represented by: 
X = (x1,x2), Y = (y1,y2), and Z = (z1,z2)
where x1, x2, y1, y2 , z1, and z2 are real numbers.
 
(X + Y) + Z = ((x1,x2) + (y1,y2)) + (z1,z2) by substituting coordinate form of vectors
= (x1 + y1,x2 + y2) + (z1,z2) by the definition of vector addition
= ((x1 + y1) + z1,(x2 + y2) + z2) by the definition of vector addition
= (x1 + (y1 + z1), x2 + (y2 + z2)) by the associativity of addition of real numbers
= (x1,x2) + (y1 + z1,y2 + z2) by the definition of vector addition 
= (x1,x2) + ((y1,y2) + (z1,z2)) by the definition of vector addition
= X + (Y + Z) by substituting vector form of coordinates
Since (X + Y) + Z = X + (Y + Z) by the string of equalities above, then vector addition is associative and the rule is proven true for R2. 



